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Abstract. In this article, we consider the finite temperature Casimir effect in 
Kaluza-Klein spacetime due the the vacuum fluctuation of massless scalar field 
with Dirichlet boundary conditions. We consider the general case where the 
extra dimensions (internal space) can be any compact connected manifold or 
orbifold without boundaries. Using piston analysis, we show that the Casimir 
force is always attractive at any temperature, regardless of the geometry of the 
internal space. Moreover, the magnitude of the Casimir force increases as the 
size of the internal space increases and it reduces to the Casimir force in (3+1)- 
dimensional Minskowski spacetime when the size of the internal space shrinks 
to zero. In the other extreme where the internal space is large, the Casimir 
force can increase beyond all bound. Asymptotic behaviors of the Casimir 
force in the low and high temperature regimes are derived and it is observed 
that the magnitude of the Casimir force grows linearly with temperature in 
the high temperature regime. 

PACS numbers: 04.50.Cd, ll.lO.Wx, ll.lO.Kk, 04.62. +v. 



1. Introduction 

One of the interesting predictions of string theory is that we hve in universe with 
nine or ten space dimensions, three of which are visible. In fact, spacetime with an 
extra dimension curled up to a tiny circle has already been postulated by Kaluza and 
Klein \XiQi around 1920's in an attempt to unify two of the fundamental interactions 
- gravitational and electromagnetic forces. Besides the motivation coming from 
string theory, the interest in universe with more than three spatial dimensions is 
also stimulated by the developments in particle physics and cosmology. Different 
spacetime models that contain extra dimensions have been proposed in the endeavor 
to find a satisfactory explanation for the large hierarchy between some fundamental 
scales, as well as to account for the dark energy that accelerates the expansion of the 
universe [3ll[3[3[3[Hl[a[I3[IIl[Il[I3[Ti[Il[Il[Il[Ta[ia[lIJ[2Dl[l^ 
One of the proposed form of the dark energy is the cosmological constant - a 
constant energy density physically equivalent to the vacuum energy or Casimir 
energy. Postulated in 1948 [25], Casimir effect has penetrated into different areas 
of physics such as quantum field theory, condensed matter physics, atomic and 
molecular physics, gravitation and cosmology, and mathematical physics [26] . In 
the scenarios of extra dimensional physics, Casimir effect has been studied in the 
context of string theory fTT, '28', '29', '30' , dark energy and cosmological constant [151 
[I6l[l2l[18l[l9,21,20.24,^^, 33, .34, .35^ 36, IL iiSJ , as well as stabilization of extra 
dimensions [Mll4Ql|4ll|42l|43ii[l5lSil|4a|48l|49lH Recently, 
Casimir force acting on a pair of parallel plates in Kaluza-Klein spacetime model 
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with n extra dimensions compactified to a n-torus T" — (S"^)" and in Randall- 
Sundrum spacctime model have been calculated and analyzed for massless scalar 
field with Dirichlet boundary conditions on a pair of parallel plates in [551 [5^ [571 [551 
[59l [60] and in [6T] |62l [63] respectively. For electromagnetic field, the Casimir force 
acting on a pair of parallel and perfectly conducting plates in (4+l)-dimensional 
Kaluza-Klein spacetime is studied in [211 [BU [651 ESI ISl] . 

Although it was pointed out not long after the discovery of Casimir that thermal 
corrections have to be taken into account in the determination of Casimir effect, 
majority of the work done for Casimir effect, especially those related to spacetime 
with extra dimensions, are at zero temperature. This might due to a few reasons. 
One of them being the mathematical techniques required for the computations of 
Casimir effect at finite temperature is more complicated than those used for zero 
temperature. Another might be the fact that the thermal corrections will only 
be significant at plate separation larger than 1/xm. Therefore in the present ex- 
perimentally accessible measurements of Casimir force [68l [69l [70l [71], the small 
separation required for the detectability of Casimir force renders the thermal cor- 
rection at room temperature negligible. A third reason may be attributed to the 
controversial state of the results obtained for finite temperature Casimir force from 
the point of view of thermodynamics [72^ . In any way, by no means these issues can 
mask the importance of taking the thermal correction into account when consider- 
ing Casimir effect. In fact, for spacetime with more than four dimensions, the finite 
temperature Casimir energy was first calculated in [73^ for (d+ l)-dimensional rect- 
angular cavities using dimensional regularization. Some other studies that consider 
finite temperature Casimir effect for higher dimensional spacetime can be found in 
gll [11 [71 [751 [71 [771 [Za [71 [HOI [SIl [HI [H3 [M, 85J . in the context of Kaluza-Klein 
spacetime model, the finite temperature Casimir force has only been investigated 
in [56] for a pair of parallel plates in spacetime of the form AI'^ x S^, where Af^ is 
the (3-1-1)- dimensional Minkowski spacetime, and it was claimed that the Casimir 
force can become repulsive under certain conditions. Recently we re-calculate the 
Casimir force for the case considered in [56j but using a different regularization 
setup called the piston approach, and we find that the Casimir force should always 
be attractive [86] . 

As a matter of fact, even at zero temperature, except for results for paral- 
lel plates, contradictory results for Casimir force appear due to the employment 
of different renormalization procedures. The issue on renormalizability of sur- 
face divergence terms was brought up in [57] [55] and is still under discussions 
[50l [89l [90l [9T1 [92l [93] . In [94j , Cavalcanti proposed a new geometric setup called 
piston which can avoid the problem. He showed that the Casimir force acting on the 
piston is free of surface divergence and can therefore be calculated unambiguously. 
Since then, Casimir piston has attracted considerable interest ^9, 95, 96. 97, 98] 
[Ml[ini[inil[IM[in3[ini[ini[IM[in71[Tn5]. in tact, the piston scenario has been 
used in the early work on Casimir force between parallel plates as a regularization 
procedure [T09l[TT0]. 

In this paper, we study the finite temperature Casimir effect in a general Kaluza- 
Klein spacetime of the form iW* x TV" , where the internal space N'^ can be any n- 
dimensional compact connected manifold or orbifold. To ensure that the spacetime 
X iV" is connected, it is necessary to assume that iV" is connected. Other from 
this, we do not make any additional assumptions on the topology or geometry of the 
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internal space. In order to obtain a finite unambiguous result for the Casimir force, 
piston setup is used. We consider massless scalar field with Dirichlct boundary 
conditions and derive exact and explicit formulas for the Casimir force acting on 
the piston. From this, we draw the conclusion that the Casimir force is always 
attractive regardless of the temperature. Moreover the Casimir force reduces to 
the Casimir force in AI* when the size of the internal space goes to zero. This 
shows that when the internal space becomes negligible, the four dimensional theory 
is recovered. Asymptotic behaviors of the Casimir force for different limits such as 
low and high temperature, small plate separation, small and large extra dimensions 
are worked out. In the high temperature regime, it is noticed that the magnitude of 
the Casimir force grows linearly with temperature. This implies that the Casimir 
force might become significant when the temperature is very high. 

Part of the results in this paper has already been announced in our previous letter 
[5S] . After this work is done, we notice the closely related work by Kirsten 
and Fulling where the zero temperature case is discussed in detail and the finite 
temperature case appears as a brief remark in the conclusion. In the foUowings the 
units with h = c = ks — I are used throughout. 



2. Basic Formalism 

We consider Kaluza-Klein spacetime of the form Af'* x A^", where is the 
(3+l)-dimensional Minkowski spacetime and A^" is the internal space of dimension 
n, assumed to be compact and connected. We are interested in the Casimir effect 
due to massless scalar field ip with Lagrangian and action 



Here 

ds^ = g^i/dx^dx'^ = rjapdx'^dx'^ — Gabdx'^dx^ 

is the spacetime metric with rjap = diag(l, — 1, — 1, — 1) the usual (3+l)-Z) metric 
on M'^; ds% = Gabdx°'dx^ a Riemannian metric on A^"; \g\ — (— det[g^i,] is 
the absolute value of the determinant of the matrix [ff^jylJ^^Lg ^'^^ = ?i + 3 is the 
total space dimension. The field satisfies the Laplace equation 



(2.1) -^d^^\g\g^'d,^ - 



Our aim is to calculate the Casimir force acting on a pair of parallel plates due 
to the vacuum fluctuations of the massless scalar field with Dirichlet boundary 
conditions on the plates. As has been pointed out in [5D], a correct regularization 
approach to this problem is the piston setup [94l 1109] , where the Casimir force was 
first computed for the case the two plates are embedded in a closed cylinder [99] and 
then the limit where the surrounding cylinder is brought to infinity is evaluated. 
However since it is enough for us to consider the force acting on one of the plates, 
it will be sufficient to treat the plate concerned as a movable piston inside a closed 
cylinder (see FIG.[T]) and find the Casimir force before letting one end of the cylinder 
approach infinity. In fact, since in reality we can never have infinite parallel plates, 
it will be interesting by its own to consider the Casimir force acting on a movable 
piston inside a closed cylinder. We work with the full generality where the cylinder 
is allowed to have arbitrary cross section. Mathematically speaking, this means 
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Figure 1: A movable piston inside a closed cylinder divides the cylinder into two regions. 



that the cross section of the cylinder is a simply connected domain f2 on the plane. 
According to [94j , the Casimir energy of the piston system is the sum 

i?cas(a; ii; T) ^E},^M T) + E'^^^{L, - a;T) + S^UT) 

of the Casimir energies of Region I, Region II and the exterior region, and the 
Casimir force acting on the piston is given by 

(2.2) Fcas(a; £i; T) = --^EcUa; Li;T). 

Being independent of the piston position, the Casimir energy of the exterior region 
would not contribute to the Casimir force. To compute the Casimir energy in 
Regions I and II, it suffices to compute the Casimir energy inside the cylinder 
/ X X A^", where / = [0, L], and letting L equal to a and Li — a respectively. 
Using mode sum approach, the finite temperature Casimir energy inside the cylinder 
I X Q X A^" is given by 



(2.3) (L; T) = -T log Z = 1 ^ c + T 5] log (l 



where 



nr 



e T 

can be regarded as the partition of a grand canonical ensemble, T is the temperature 
and the summations in (I2.3|l run through all nonzero eigcnfrequencies lo of the field tp 
satisfying the equation (I2.1|l , with Dirichlet boundary conditions on the boundaries 
of the cylinder / x x A^". Using separation of variables, it is immediate to find 
that a complete set of solutions to (|2.ip with Dirichlet boundary conditions on 
I X fl X is given by 

(2.4) 




where x° = {t,x^ ,x'^ ,x^) and x'* — (x"*, . . . , are the coordinates on 

and A^" respectively; (j)j{x'^,x^),j — 1,2,... is a complete set of eigenfunctions 
of the Laplace operator g^'iyi + D^syi on il with Dirichlet boundary conditions 
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(f>j\gQ = and eigenvalues cj^^ arranged so that < ujf^ i < — • ■ •! ^^'^ 

^i{x^),l = 0, 1, 2, ... is a complete set of eigenfunctions of the Laplace operator 
"^9!^"^^^°^ 9!^ "-"^ ^'^^^ eigenvalues ; arranged so that = q < ujff ^ < 
^% 2 ^ ■ ■ ■■ Notice that since Q is simply connected, the Laplace operator with 
Dirichlet boundary conditions does not have zero eigenvalue. On the other hand, 
since iV" is a compact connected manifold, its Laplace operator has a single zero 
eigenvalue which corresponds to constant functions. 

If instead of Dirichlet boundary conditions, we consider Neumann boundary con- 
ditions, we need to replace the sine function in (|2.4p by cosine function and let k runs 
from zero to infinity; and replace (j)j{x^ , x^) with %ljj(x^ , a;^), = 0, 1, 2, . . . which are 
eigenfunctions of the Laplace operators on 17 with Neumann boundary conditions 



dn 



— 0, where n is the unit vector normal to dO,, and with eigenvalues Wo w In 



this case there is a zero eigenvalue corresponding to constant functions. Therefore 
for fc = J = / = 0, the term iOk,j,i is zero and has to be omitted from the summation 
in (|2.3p . In the following, we only consider Dirichlet boundary conditions since the 
case of Neumann boundary conditions can easily be derived analogously. 

3. CASIMIR force acting on THE PISTON OR A PAIR OF PARALLEL PLATES 

Since the first summation in the definition of the Casimir energy given by 
is divergent, we introduce a cut-off and compute the small A-expansion of 

(3.1) Et. (A; L;T)^\Y1 ^^^U^^"-'' + T 5] log (1 - 

up to the term A*^ . The calculations can be done explicitly using zeta functions and 
heat kernels jll21 11131 1114j and we leave it to the appendix. The result is 

(3.2) 



pcyi j^.rj.. ^Y^ r(n-f4-z) Ccyu log[AA^] - V'(l) -log2 + 1 

^Casy^'^T^J p(li±3^) \n+4:-i 2^ 



cyl.n-|-4 



- ^ (CcyLT(0; L) + log(M2)^^^^^^(o. ^ 

where is a normalization constant with dimension length"^, 

oo oo oo oo 

(3.3) Ccyi,T(.;L) = EEE E K,,i + [2npT]'y' 

k=l j = l 1=0 p=-oo 

is a thermal zeta function, and for i = 0, 1, . . . , ?i+4, Qyi^i are heat kernel coefficients 
of the Laplace operator on I x H. x N with Dirichlet boundary conditions. The 
dependence of Ccyi,i on L is linear (see appendix), i.e. 

L 1 

Ccyl,i — -Z — l=CnxN.i ^ TtCjIx JV.i- 1 j 

where cnxN,i are heat kernel coefficients of O x iV and arc independent of L. Notice 
that as A ^ O'^, E^^^{X; L;T) contains divergence terms of order A^^ for j = 
l,2,...,n + 4. The leading divergent term 

r(n + 4) Ceyi,o _ T{n + 4) vol(/ xQx N'^l^-n-i 



r(ii±3)A"+4 rm^) (4^) 



1 + 3 
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is the bulk divergence and is usually subtracted away. However, the regularization 
of the other divergent terms is a highly nontrivial issue. Naive zeta regularization 
method set all these divergent terms to zero and might lead to physicality issue. 
A regularization procedure close in spirit to the piston scenario was introduced 
in |115| . However, since our main interest is the Casimir force, we shall not deal 
further with this issue. Upon substituting into the definition of Casimir force 

d 



Fcas(a; Li; T) = - — (e'^^IS^- T) + E'J^^{L, - a; T) 



= ^ (^ct (A; a- T) + (A; ii - «; t) 

we find that since all A — > 0'*" divergent terms are linear in L, their contributions to 
the Casimir force cancel each other and therefore the A ^ 0"*" limit is well-defined 
and is given by 

Fca.(a;ii;T) = {Cyi,j,(0;a) + Ccyi,T(0;ii " a)] . 

Here we have also used the fact that Ccyi,T(0;L) = CcyKn+4/(2\/7rr) is linear in L. 
Using (jA.12p . we have the explicit formula: 

(3.4) Fcas(a;ii;T) = F^^{a-T) - F^,,{L^ - a;T), 

where 

L\ — >-oo 



Q LXJ USJ LXJ ^ 

EEE E T exp (-2kaJu:l^ + loI, + [2iTpT\' 



2 da ^ ^ ^ ^ k 

(3.5) k=i3=ii=op 



-OO 



j=i 1=0 p=-oc exp (2a^uj'^ j + uj^jj + [2npTY^ - 1 



Notice that the expression (|3.5p is always negative and is an increasing function 
of a. This means that when one end of the closed cylinder is moved to extremely 
distant place, the Casimir force acting on the piston (or two parallel plates inside 
an infinitely long cylinder) is always attractive and the magnitude of the force 
decreases as the plate separations increases. Moreover, the magnitude of the force 
decreases in exponential rate. For a finite piston inside a closed cylinder, (|3.4[) 
then shows that the Casimir force always tend to pull the piston away from the 
equilibrium position — Li/2 towards the nearer end and the magnitude of the 
Casimir force increases as the piston is farther away from the equilibrium position. 

Eq. p.Sp can also be regarded as a high temperature expansion of the Casimir 
force. It shows that in the high temperature regime, the Casimir force is linear in 
T with leading term 



j=i 1=0 exp {2a^Jjl~'+uj^i 

corresponding to the p — Q term. Since this term is independent of the Planck 
constant fi, it is sometimes known as the classical limit [1161 11171 11181 1119j . 
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For the low temperature behavior of the Casimir force, (jA.14|) shows that F^^^{a; T) 
can be written as the sum of the zero temperature Casimir force FQ^^{a]T — 0) 
plus the temperature correction Ar-Fcasl'^j where the zero temperature Casimir 
force F^g(a; T = 0) is given by 



oo oo oo , /OJ? 



(3.6) k=ij=ii=o 

OO OO OO 

fc=l j = l 1=0 

and the temperature correction to the Casimir force /S.TF^^{a\T) is given by 



oo^ oo^ oo^ . ^ pi ^1 + 

At^^S. («; = - - E E E ^1 



oo oo 



k 



2 



E E E / "fc.j.i \ ■ 

fe=i j=i ;=o t^fej,; ( e - 1 1 

Although the attractive property of the Casimir force at any temperature has been 
observed from the compact expression (|3.5p . it is interesting to remark that the 
expression for zero temperature Casimir force given by ()3.6p also manifests the 
attractive property at zero temperature. 

To investigate the behavior of the Casimir force when the cross section i7 and 
the internal space is small or large compared to a, we define the size variables 
r and R in the following way: 



r ■= v/Area(n), i? := (Vol(Af"))" , 

so that has area and iV" has volume i?". If we rescale the domain £7 (resp. 
A^") to ri/r' (resp. A"/i?'j3, then the eigenvalues ^ (resp. w^;) on (resp. 
A") is related to the eigenvalues '^lij^, j (resp. t^^^j^, ;) on fl/r' (resp. N^^/R') 
by ujfij = ^h/r'j/i'^')'^ {resp. uj%j = uj%^j^, j/{R''f). Therefore we can define 
dimensionless variables lo^^ j = rtonj and ; — Rujn.i so that they are independent 
of the relative size of H. and A^". The expression for Casimir force (|3.5p can then 
be rewritten as 
(3.8) 



F^,^{a;T) = -Tj2J2 ^ 



Since the function 



- 1 



- 1 

is a decreasing function, it follows immediately from (|3.8p that as the size of the 
internal space decreases (i.e. R decreases), the magnitude of the Casimir force 



^This is equivalent to rescale the metric Gabdx'^dx^ to (r') ^ G ab'lx"' d-x^ ■ 
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decreases. In the limit the internal space vanishes, all the terms with I ^ vanishes 
and the Casimir force reduces to 



(3.9) F^f-(a;T) = -T^ ^ _ V V J 



OO OO 



j — 1 P——00 



exp 2a 



which is the Casimir force acting on a pair of parallel plates inside an infinitely long 
cylinder with cross section Q due to massless scalar field with Dirichlet boundary 
conditions [HI]. Taking similar limit to (|3.6p . one also finds that in the limit of 
vanishing internal space, the zero temperature Casimir force reduces to the corre- 
sponding zero temperature Casimir force in (3 + l)-dimensions given by [99j 

oo oo oo oo 

fe=ij=i k=i j=i 

Another interesting property we can read from the expression of Casimir force 
given by (j3.5p or (|3.8p is the effect of increasing the number of extra dimensions. 
The number of extra dimensions can be increased by adding another extra compact 
space A/"" of dimension n' to iV" so that the internal space becomes iV" x Af" , 
a compact manifold of dimension n + n' . The spectrum of the Laplace operator 
on X A/"" can be written as ; , 1,1' = 0,1,2,..., where cuj^i and 

are the spectrums of the Laplace operators on N" and A/"" respectively. 
Since each term in the summation of (j3.5p is negative, it is then immediate to 
deduce that adding the dimension of the internal space increase the magnitude of 
the Casimir force. Moreover, as the size of A/"" shrinks to zero, the Casimir force 
when the internal space is N" x Af" reduces to the Casimir force when the internal 
space is N". This shows that adding extra dimensions increase the Casimir force 
hierarchically. 

Now we consider the case where the area of the cross section of ft is large com- 
pared to the plate separation, i.e. the ratio r/a is large. As is derived in the 
appendix iBl when r/a is large, the leading term of the Casimir force is of order 

. Divide the Casimir force by the area of fl and taking the limit r ^ oo, we 
obtain the Casimir force density on a pair of infinite parallel plates. Its high and 
low temperature expansions are given respectively by 

(3.10) 




K3 2kaJu% I + [2ttpTX 



^ . - E E — ^7 —^i 2^ V^^.' + PTTPT]^ 
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and 
(3.11) 



fe=l 1 = 1 k=l 1 = 1 



k=l 1=0 p=l ^ \ J ' = 1 

Neither of these expressions show manifestly that the Casimir force density is neg- 
ative. However, since they are obtained as hmits of a negative Casimir force, the 
Casimir force density acting on a pair of infinite parallel plates in the presence 
of extra dimensional space is always attractive regardless of the geometry of the 
internal space. In the limit the extra dimensions vanish, the Casimir force p.lOp 
and (|3.1ip reduce to 



,7 OO OO 



or 

k=lp=l ' ^ 

which are the well known results for the Casimir force density on a pair of infinite 
parallel plates in (3+l)-dimensional Minskowski spacetime due to massless scalar 
field with Dirichlct boundary conditions. 

As is discussed above, in the limit the internal space vanishes, the Casimir force 
always reduces to the corresponding Casimir force in (3 + l)-dimensional spacetime. 
Therefore, we can write the Casimir force F^^^ (a; T) as the sum of the Casimir force 
in (3 + l)-dimcnsional spacetime F^^^{a\ T) plus the correction term Ajv-Fc^s(a; T) 
due to the presence of the extra dimensional compact space iV". As can be read 
from (|3.5p . the correction term is given by 



(3.12) A^FS.(a;r) = -r^^ 



E 



UJ, 



2 +uoli + [2npT\ 



3=1 1=1 p=-oo exp (2a^ujf^ ,j + ujj^ i + pTrpTj^j - 1 



Here the 1 = term has been omitted. It will be interesting to investigate whether 
there is a bound for this correction term. For this purpose, it suffices to consider 
the behavior of this correction term when the size R of the extra dimensional space 
is large. In fact, this question is also important since the model with large extra 
dimensions, which is also known as ADD model [HHD], has aroused considerable 
interest as an alternative to explain the weakness of gravity compared to other 
forces. As before, using the re-scaling uj^^i = co'j^i/R, then by the same method 
as we derive the asymptotic behavior of the Casimir force when r/a is large in 
appendix IHl but with the roles of fl and iV" interchanged, we find that when R/a 
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is large, the leading term of AAri^Q^g(a; T) is proportional to i?" - the volume of 
iV", and is given explicitly by 

(3.13) 



fe=l j=l p= — oo 



^ E E tI^^^ - -iir E E TF^t 

2"+-^7r 2 a 2 fc 2 2 2"7r 2 a 2 j^^-^^^-^ ^2 



71 + 2 00 00 / 

r 2 / CJj^ 



2 ' 



2 2 TT 2 . -1 , 

This shows that the correction term of the Casimir force due to the presence of extra 
dimensions can increase beyond all bounds when the size of the extra dimensions 
is increased. In the zero temperature limit, the second expression in (|3.13p shows 
that the leading correction term of the zero temperature Casimir force when R/a 
is large is given by 

--— ^^^^^^ E E 7^^^ (2fcac^^^,,) 

- Zri^ E E TF^t (2fca.o.) + O (i?"-) . 
2«7r 2 a 2 fc^i^-^i J 

For a pair of infinite parallel plates, similar methods (see (jB.6p and (|B.7[) 1 show 
that the leading behavior of the Casimir force density when R/a is large is given 

by 

(3.14) 
•^Cas(a;r) 

/ (n + 2)r(H±3)Ci..(^ + 3) T , 2^T^ ^^^p^^^^ 
- . E E r^^-J^ (^vrfcpTa) + 0(i?"-i) 
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or 



•^Cas(a'-' ) i . . . ^+4 , : iT4 ^ 



(3.15) 




2 2 2 



The expressions in the brackets of p.l4p or p.lSp are actuahy the Casimir force 
density acting on a pair of paraUel plates in d = n + 3 dimensional space. Since 
present experimental results on Casimir force [68l [69l EOl EI] have verified the effect 
to be in close agreement with the theoretical result in (3+l)-dimensional spacetime, 
this shows that if present, the extra dimensions must have size negligible compared 
to the plate separations. 

4. Conclusion 

We have investigated the Casimir force in the presence of extra dimensional 
space which can be any compact connected manifold or orbifold. Exact and ex- 
plicit formulas for the Casimir force are derived. It is observed that the Casimir 
force is always attractive regardless of the temperature and the geometry of the 
extra dimensions. Moreover, although the Casimir force decreases when the plate 
separation increases, it increases as the size of the extra dimensions increases, in the 
rate proportional to the rate the volume of the extra dimensions is increased. When 
the temperature is high or the size of the extra dimensions is large, the Casimir 
force can increase beyond all bounds. Experimental results may be used to set an 
upper bound to the size of the extra dimensions. 

Although we only consider massless scalar field in this article, the qualitative 
results for electromagnetic (spin 1) field can be expected to be the same, although 
the quantitative analysis will be more involved since we have to consider one-forms 
instead of functions on an arbitrary manifold. In order to employ the Casimir 
effect as a stabilization mechanism for the extra dimensions, one may need to take 
into consideration vacuum fluctuations of fcrmionic flclds. This will be discussed 
elsewhere. 

Appendix A. Computations of the Casimir energy and Casimir force 
First we define the zeta functions 



Cn{s) ^^t^^l^ , (s) = ^ w 

j=i 1=1 



oo 

2s 
N.l ' 



C30 oo oo C30 oo 

2s 

j = l 1=0 k=l j=l 1=0 



and the corresponding global heat kernels 

oo 



OO 



NA 



e 

oo oo oo oo oo 

Kn.N = E E e-«^^<'), ife.i (t) = E E E 

j=l 1=1 k=l 3 = 1 1=0 
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which wiU be used in the computations in this and the foUowing sections. It is 
well known that (see e.g. pT2 l [TT3 t [TT4| ) as i ^ 0+, the heat kernel K{t) has the 
asymptotic expansion 

q-l 

K{t) ^Y^Ct"^ + O (t^^ , 

1=0 

where for U,N,^l x iV, cyl, D = 2,n,n + 2,n + 3 respectively. The heat kernel 
coefficients are geometric invariants of each of the manifolds. In particular, the 
coefficient cq of a manifold A4 is related to the volume of A4 via the relation 

vol{M) 

(47r)- 

On the other hand, the residues of the zeta function can be expressed in terms of 
the heat kernel coefficients by 

(A.l) Res^^ij^ (r(s)C(s)) = c„ or Res^^o^C(s) = 



For the latter, it means that if (D—i) /2 is a non-positive integer, then ReSs=(£)_i) /2C{s) 

or equivalently C(s) is regular at s = (_D — i)/2. Since 

(A.2) 

OC ^ OO ^ -r ^ 

E_f(7^Y i -1 1 L _i I . , , 

e \ I- I — — — y t 2g t — = — —t 2 \- exponential decay terms 

k=l k=-oo ^'"^ 

as t ^ 0+, and 

oo 

(A.3) i^eyi(i) = e"*(*)' X KnxNit), 

fe=l 

we find that 

.A .^ LI 

(.A.4j Ccyi,i — „ CfixN,i — 7:Cr2xAf,i-l, 

where by convention, c_i = 0. Notice that the coefficients cq^^, c^^i and CfixN,i are 
independent of L, the length of the interval /. 

Now we compute the small A-expansion of the cut-off dependent Casimir energy 
of the cylinder / x x TV" defined by (|3.ip up to the term constant in A. Using 
standard techniques, we find that up to the term constant in A, the zero temperature 
part is 

(A.5) 



oo oo oo 
fe=l j=l 1=1 



1 1=1 

„ oo oo oo 1 r) 1 /-c+ioo 

k=i j=i 1=1 •'^ 



dz 



1 d \'i^ 2T{n + i-i) ccyu , , , ^ VX2)-logA 

^ ^ 2 a\ 1 r ( "+^-'" ) A"+3- ' 7^ CcyLn+4 -i't's=^Ccyl(s) 

!^^ r(n + 4-») ceyu V^(l)-logA 1 
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Here 

ReSs=sof{s) 



FPs^sofis) = lim f{s) - 



S- So 



is the finite part of the meromorphic function /(s) ai s — sq. To take into account 
the thermal correction of the Casimir energy, we consider the thermal zeta functions 
which are defined by adding an extra dimension corresponding to a circle of length 
1/T to each of the spaces considered above. For the cylinder I x fl x TV", the 
thermal zeta function is defined by (|3.3p . It is standard to find that 



(A.6) 



1 1 



P— — 00 

dt 



P— — 00 

OO OO OO OO / V s— 4 



which gives Ccyi,T(0) = Ccyi,„+4/(2\/7i^T) and 
(A.7) 



1 / log 2—1 X OO OO oc 



Cyl,T(0) - - ^ ( ^^-^Ce„,„+4 + FP,^^Ccyl(=s) ) -2 ^ E E (l 



e 



Together with (jA.5[) . we obtain 

i?^l(A; L;T) = IJ2 -^...^e"'""^' + T ^ log (l - e"--'/^ 



2 

k,j.l 



(A.8) _ r (n + 4 - ?:) Ccyi,t logjAAf] - -0(1) - log 2 + 1 

~ Y Xn+i-i + 2^ CcyL„+4 

-|(Ccyl,T(0)+log(M')Ccyl,T(0)), 

where terms of higher orders in A has been omitted. Here /i is a normalization 
constant with dimension length"^. 

As discussed in section [31 we can use (jA.Sp to show that the Casimir force acting 
on the piston in the limit Li — s- cx) is given by 

(A.9) Fgi,{a; T) = | ^lirn^ ^ (Ccyi,T(0; a) + Ccyi,T(0; ii - a)) , 

where a formula for the function C^yi t(0; ^) is given by (|A.7|1 . The term FPg^^Ccyi(s) 
in (|A.7[) can be computed more explicitly in the following way. Using (|A.2p and 



14 



L.P. TEO 



(|A.3p . we have 
(A.IO) 



I f°° , . L ^ 1 ..^L^ 1 



L r(g- 1) ^ / r 

oo oc oo / 

V y ' k=i j=i i=Q \ d^nj + ^N,i , 



J- + ^N, 



This gives 



(A.ll) 

FP,^^Ccyl(s) 



^FP^^^CnxAr(s) + ^ {lP { -7;] CnxN,n+4 - FPs=-l {r(s)CoxAr(s)} 



00 00 00 , / O^o „■ + n 



1 — — — A / "^O J- / /— ^ 

- E E E ^^^i — ^1 2fcLX^^, 



TT 

k=l j=l 1=0 



Besides the formula (|A.7|) . there is an alternative explicit formula for ^^^^ ^,(0; L). 
As in IjA.lop . we have 

^ J- OOOOOOOO/ J j- 



■EEE E 



This gives 
(A.12) 

00 00 00 00 ^ 

fe=l j = l i=0 p=— 00 

where Aq and Ai are independent of L, and Ai is given by 

Ai = - fflRes,^_ 1 {r {s) CnxN,T{s)} + ^FP,^_ 1 {F {s) Cax^,T(s)} • 
Using (|XT|) . one can show that 

R-eSs=_ 1 {r (s) CnxW,T(s)} = ^Jr^j^ CnxN.n+i- 



FINITE TEMPERATURE CASIMIR EFFECT IN KALUZA-KLEIN SPACETIME 



15 



On the other hand, similar to (IA.6p . we can show that 



^ oo oo oo 

V^T tTs) ^ ^ ^ I 9t /, ,2 -L , ,2 I ""-t 1 T 



Therefore, 

FP,,_ 1 {r (s) CoxAr,T(s)} =^^FP,.-i {r (s) Cax^(s)} 



^ oo oo oo 



and 



(A.13) 



^l^l^l^ ^1 T 



l^l^l^ 



2 oo oo oo 



/-^ Z-^ Z-^ p 1 

j=l 1=0 p=l ^ 



Using (|A.7p and (jA.12p to compute the first and second terms in (jA.9[) , together 
with the help of the formulas (|A.4|) . (lA.lip and (jA.13p . we find after some simpli- 
fications that in the limit Li ^ oo, the Casimir force is given by 



oo- oo oo . /Un - + UjI 



1 ^ ^ ^ A / ^n,j ^ "^N.l / /— — - 

^) = - ^ E E E {2ka^-h,+-h 

k^l j^l 1^0 



^ oo oo oo 

- E E E ("^kj + ^N.i) Ko (2fcay/^2~7^ 

k=l j=l 1=0 

^1 Y 

j = l 1=0 p=l ^ \ 

2 00 00 00 J 2 

IT ^ — A ^ — A ^ — A /C 

k=\}=\ 1=0 ^k,j,i [e T ~ 



(A.14) 



Appendix B. Asymptotic behaviors of the Casimir force 

In this section, we first derive two formulas for the asymptotic behavior of the 
Casimir force ^cas(a; T) when the ratio r/a is large. We then derive the asymptotic 
behavior of the Casimir force F^g(a;T) when both r/a and R/a are large. 

First, using the formula p.Sp for F^^{a;T) and the formula 

- exp {-2kaz) = —= / t^"^ ^ exp I tfc^a^ I dt, 

k=i ^''^ ° k=\ ^ ^ 
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we find that 
(B.l) 



T d 
2^/7? da 



X exp 



oo oo oo oo 



, fc=i j=i ;=o p=~oo 



(4 














r 



+ ulf i + [ZirpT] - tfc^a^ } dt 



T d 
2^pK da 



C30 C30 oo oo ^ 

^-^EEE E 

fc=l j = l i=0 J9=— oo 



c+'ioo 



exp |-i (^tj^ ; + [2T:pTf^ - tfc^a^j dzdt 



C + 200 



oo 

+ 2E E 

k=i ;eNu{o},pez 

(p,i)#(0,0) 



<fl(2^+l) 



c^2^ ^ + [2t:pTY 



T d j 



Co/r,0 



ka 

%/^Cfl(3) 
2 a3 



[27rpT]' 



dz 



+ 2E E 

fe=i ieNu{o}.pez 
(p,0#(o,o) 



[27rpT]' 



fca 



iCs 2kaJLulf , + [27rpr] 



0(r/a) 



,,2) C«(3)r 



87ra3 47riai 



E E 

k=l ieNU{0},pGZ 
(p,i)#(0,0) 



+ [2'KpT\ 



K3 2kaJujjf I + [27rpT] 



T 



27r2a2 



rE E ■ 

(p,i)7^(0,0) 



k^ 



K. 2kaJuj%, + [2ttpTY ) + 0{r/a) 



For the second formula, (jA.14p gives 
(B.2) 

d_{ a_ 



da I Att 



00 C)0 00 00 



EEE^^p 

k^l j^l 1^0 



^ •''J fc=i j=i 1=0 p=i \ 

2^ „oo 000000 /l' ' ^ 

Tz/ EEE^^p -7 



Trfc 



r / -.2 



j=i 1=0 p=i 



2 r, 



tfc^a^j dt 

I 



dt 



tp^ 

4T2 
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Using the same method as we derive (|B.1|) . we find that 
(B.3) 



I o oo oo 2 -. oo oo , ,3 



U! 



N.l 



... A: 

fc=l (=1 k=l 1 = 1 



TT J TTJ. I P n / 'l^"^ 

X K,{2ka.^,) - +_^^^ exp -- Wc.^, + 

fc=i i=o p=i ^ y V \ 

„2 oo oo 2 'I 
!=1 p=l J 

(jB.ip and (|B.3p show that when the ratio r/a is large, the leading term of the 
Casimir force is of order r^. To investigate the leading behavior of this term when 
the ratio R/a is large, we infer from the second, third and fourth equality of (|B.1[) 
that 

(B.4) 

f) ( rp fOO OO OO OO r 1 / 

FSi^{a;T)^r'^ll^ E E E exp + [27rpTf ) - <fcV 

a (^Svra Jo fc=i i=o p=-oo 

+ 0(r/a). 

Using the same method as we derive (jB.ll) . we find from (|B.4p that when R/a is 
large, the term of order of the Casimir force FQ^^{a;T) given by 



behaves as 
(B.6) 



2— ttT— 



"- + 7 OO OO ^ + 5 



±r^ E E Tiir^^ (4^fcpTa) + Oir'R-'). 



a = fe=ip=i ^ ^ 



Using (|B.2p . we find that (jB.6[) can also be written as 



(B.7) 



. ^ J _ (n + 3)r(i^)CH(n + 4) _ r(i^)CH(n + 4) 
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